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A Generalized Treatment of Mutual Coupling Compensation

for ESPRIT

Braham Himed

ECE Dept., Syracuse University
N.Y 13244,
(315) 443-4406

(31%) 443-1258

Syracuse,

Abstract

The ESPRIT algorithm has been shown to be an
effective solution to the angle of arrival estima-
tion problem [1]. One possibility for the imple-
mentation of ESPRIT is the use of a linear array
to provide for the sensor pairs. This paper dis-
cusses a technique for compensation of mutual
coupling effects between array elements. Computer
simulations demonstrate a significant improvement
in performance.

Introduction

Directaon finding, which involves estimation
of the angles of arrival of sources, is very im-
portant in many sensor systems such as radar,
sonar, seismclogy, etc. Several authors have ap-
proached the problem using subspace methods [1,2].
However, these methods have not taken into account
effects of mutual coupling between array elements
vhich can significantly deteriorate the
eigensystems underlying the solution procedures.
In this paper we deal with compensation of the
mutual coupling effects when a linear array con-
sisting of m sensors is used in conjunction with
the ESPRIT algorithm [1]. The method of moments
[3,4] is used to obtain the matrix of mutuals for
each sensor pair. A transformation matrix is de-
veloped which processes the observed data so as to
estimate the signals that would have resulted had
there been no mutuais. Ve show that ideally the
effects of mutual coupling can be completely
eliminated. Computer simulations demonstrating the
improved performance are presented.

Mutual Coupling

Consider a linear array of m dipoles
uniformly spaced at a distance D. Each dipole is
of length t and has a radius r satisfying the con-
dition r<<t. A load is attached to the center gap
of each dipole. Assume there are d narrowband sig-
nals impinging on the array as planar wavefronts.
The voltages induced by the assumed signals on the
loads are the outputs of the dipoles. Induced cur-
tents will appear on the dipoles. These currents
reradiate and generaie <~artered fields. The scat-
tered fields then induce currents on .rne reighbor-
ing dipoles. The process of induction and reradia-
tion causes mutual coupling betveen the dipoles.
Using single sinusoidal expansion and weighting
functions per dipole. the method of moments [3,4]

-
Agcecion For

e+ e

NTIS
wy oric 13
.Alm U a0 ,,...;_JX
s S0
Just, on

e .

Donald D. Weiner ' Dist

B g
Y

e e o ——

|
|

ic employed to obtain the matrix of mutuals.
Denote the current distribution in the arrav cf
dipoles by J(z) (assuming longitudinal distribu-
tion and neglecting all other distributions) and
the j-th expansion function by fj(z). Then

m
J(2)=L I(})E5(2) )
j:l

where I(j) are unknown amplitudes to be

determined. At a point (y,z) in the Y-Z plane, the
scattered field is given by

m
E(S)(y,z)=L I(HHEES)(y.2) (2)
j=1 ’

where E-(S)(y,z) is the scattered field from the
jth dipole.The toral field is

E(y,2)=£(30)(y,2) « E(S)(y.2) (3
vhere E(INC) is the incident field. Let E, be the
z-component of the total field. A generalized
voltage V(i) induced on the subsection spanned by
the function f4(z) can be defined with respect to
a weighting function wv;(2) as

V(1)=F(E4(y,2),v{(2)) %)

vhere F is bilinear with respect to E,(y,z) and
vi(y,z). Similarly, we define

yUNe) (1) FESIN) (20, w5 (2)), (5)
vES)()=F(E{S) (¥, 2) v (2)). (6)
Thus,

vy =vne)(iyavls) sy,
wvhich, for metallic scatterers, becomes

vy =vane)ciyvls)iy.n |
viine) iy-_v(s)(iy . (7)

Howvever,
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viS ) «FC T IDES ) vyt
j=1
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m
=L I(DFES (r,2),v5(2)
=1

Let .
23 <-P(E(S)(y,2) v (2. (8)

Then

m
vis)(iy=t -2 1(§)
j=1

i=1,2,. . .,m. (9)

In matrix notation Y(S)=—Z 1 vhere

v(S)Tvs)(1) vis)(z),. . .,v
and

To(r). 1¢2),. . . I(m)].
The matrix Z can be decomposed into two parts as
Z=ZO+2L, vhere

Zp is the generalized impedance matrix
and

Zy, is the load matrix.
Assuming that all dipoles are loaded with the same
lcad zj, the matrix Zjy is ziven by

ZL=diag(zl zZy ... 21}.

The ij-th element of Z is zij=zi;¢zléij. The
voltages induced on a load zj are given by

v -z Tand I = g7t v,
tovever,
yine) _ 71 - zgz, ~Tv(t) Loy

which implies that

vt oq14zgz"1)-1 y(ine), (10)
Let H be the matrix
He [I+2pZy7 ). (11

Thus, when incident signals are impinging on the
array and in the presence of additive noise, the
output of the linear array will be

y(U _p-1 yline) |y,

For simplicity, let §=!(i“c) and Y=E(t). We now
have a relationship between the incident signals
and the received signals at the outputs of the ar-
ray, which is

H-1 % < on. (12)

Y o=

APPLICATION TO ESPRIT

Consider a linear array of (m+1) sensors and
assume there are d (d<m) narrowband sources lo-
cated at angles €,; k=1,. . .,d.

First Application

In the first application we consider tvo
sub-arrays consisting of the first m sensors and
the last m sensors. The observed signal vector at
the outi; ' of the array can be wvritten as

Tl g n.
Let G=H"!. ¢ can be wr
g11 812

821 €22

L &(hel)l B(m.1)2
Thus 1f

Yy«lyy ¥2
and

Ta=lyz ¥3
ve can write

11 =Gy X + 6

and Ys

= Gy Xy

—-i

+ Go
2

vhere Gll' Gyia+ Go1o
given by

X1=lxy x2

Xa=lxg x3 -

11 = lglly gllp
gilg= lg1y 823

61T = 100 .

Gz1° = (g221 O -

GooT = [g22; g22
g22i= 18y 835 - - - &

Ny = [ny, nz,

by = [ng. n3.
Consider the vector Z

Z - (¥ % )T
Z can be written as

[ G11 612 ]
Gay1 G22
Assuming that

cally
are uncorrelated from

Z -

2
ance ¢°, Then C,, = E|

[G11 G12] [ElX1%")
sz’

(2%

F 11

m m
+ 02 ]
12, I

Ga1 G22

independent and

(13)

itten as

- Bi(msl)
€2(m+1)

s Eimely(me 1y J

. IT
Imo
. T
Y(m-1y1"
2 2 oo B (14
RS (13)

Gaz+ By

xm]T.
X(m‘l)]‘.

C gy 1

. gmi]T; i=1l,...,m,

9 Eil(m+1) 1
.07,
30 - E22(me1y 1
(m+1)i]T; i=2,..;.(m+1),
e nm]T,
.y n(m.l)]T.
defined as

)

(16)

the signals and noise are statisti-
noise components
vith vari-

the
10 sensor

that
sensor

Z g”] is given by
El%lé:”'][cll Glz}H

Elé:lz”lJ Goy G622

(17)

N2, Xy and X; are



Let [G] and [I] be the matrices

G11 Gi2 In Ilp
and [I]} =
Gz1 G22 12n I
vher2 I, is the identity matrix and Il; and Ih
are

1G]

00O 00
100 00
01lwu 00
Ilm -
000 . Q0
LoooO . 10}
ror100 07
0010 .0
0001 . 0
IZm =
0000 1
\_OOOO U]
Then

16171 (Cyp -of01D) ((61"HY =

Elxy X111 Bl M)
H H (18)
E{X; X1°] E{X2 X7 1.

Having recovered the matrix on the right side of
equation (18), the matrices M=El§1§1H] and
N=E[§1§2H] can be identified. It can be shown that
M and N have the decompositions

M = asal and N = asefiaf (19)
wvhere A, S and ¢ are the following matrices

s=E{s sh],
§T=(sl, ,Sq) impinging signal vector,
A= [a; a7 . . . aq. |
Ei = [-% 33 1 - TngQi]‘
$ - diag [ el?1, ., eltd |,
¢k=(wA/c)sin(8k) , k=1, 2, . . ., d.

Therefore, the effects of mutual coupling have
been eliminated and the rank reducing values of
the matrix pencil (M-MAN) are given by

A o= ed(eb/e)sin(®y); yoy,2, . L L, d. (20)
Second Application

In the second application, two neighboring
sensors are considered as a doublet. Assume then
ve have a linear array of 2m sensors so as to con-
stitute m doublets and let there be d (d<m)
sources. Again, the received signal at the output
of the array is modeled as

{=GX+ N (21)
vhere G is given by

£11 £12 - B1(2m)
g21 822 - B2(2m)
{ g(2m)l B(2m)2 - B(2m)(2m)

Let vy and vy be the signals received at the i-th
doublet.Then

Vi o= ¥(2i-1) and ¥§ - Y(24)- (22)

Collecting all the v;y’s in a vector V and ail the

vi's in a vector ¥ , wve have

V=G %y v G & v 2
and

Y= Gy Xy o+ Gpp Xpoe M2 (24
vhere Gyy, Gyz, 621+ Gpp» ¥y ¥p. Fy and Hp o are
given by T

§1=[x1 X3 . . X(Zm—l)l ,

T
Xo=lxp x4 -+ - xa2myl
61T - fglly glly - . - glln 1.

glli= (8¢2i-1)1 B(2i-1)1 + - - B2i-Ly(2m-1) ¢
jof2ish Bl b

GypT = 1gl2y gl2p - - - g12y ).

g12;= [8¢2i-1)2 €(2i-1)4 - - - B2i-Hyam s
(i By B

’

61T - (g2 g21y - - - g2, 1

glly= 1Z521)1 €¢ziy3 - + - BQ2i)@2m-1) )5
i=2,4,. . ., (2m)

622" = 1822 8227 - - - 822 1.

g22;= 18¢2i)2 8(2i)6 - - - &i)y(zm b
(e son B0

El = [nlt n3v .y n(zm-l)]TV
Ny = [n2, N4y o v oy nzm]T.
Consider the vector Z defined as
z = (vt
Z can be written as
Gyy 612 LS| Ny
Z - . (25)
621 G22 L9 Ny )

Assuming that the signals and noise are statisti-
cally independent and that the noise components
are uncorrelated from sensor to sensor with
covariance matrix ¢“I;, where I;. is the (2mxZm)
identity matrix. Then C,, = E(Z ZIf] is given by

rxl clz}[zlzlzl“l El§157”11{011 012}”
[x2%1) 515352“1J

C
2z

21 622 G2 Gao
¢ 0?1, (26)
Let [{G] be the matrix

G G

1 612

(Gl | [ }
621 G22




Then
1611 (c,, -a215,) (161°HH -
E(Xy %171 E(Xy X"
(27)
ElXz X171 Elxp XM ).
Having recovered the matrix on the right side of
equation (27), the matrices M=E[X X; /) and
N-E[X{X;"] can be identified. Recall that M and N
have the decompositions

M = asall and N = aseHal | (28)

vhere A, S and ¢ are given by

s=C(s sty

S =(§1T +Sq) impinging signal vector,

A = a a Y - 1 .

aj = H ST .—(.jeJ]('“/z)?il,

% - diag { eI®1, |,. . ., )% |,

d=(wd/c)sin(8) , k=1, 2, . . ., d.

Therefore, the effects of mutual coupling have
been eliminated and the ranhk reducing values of

(With compensation for the mutuals)

mean mean variance varliance
SNR 8, 8, 8 )
30 dB | 18.0652 | 22.2367 | 0.330710C | 0.285269
25 dB | 18.0561 | 22.3543 | 0.669874 | 0.74B2h4
20 dB | 18.2311 | 22.5749 | 1.683848 | 1.879809
15 dB | 18.3796 | 22.8772 | 3.496217 | 4.794093
10dB | 18.3964 | 23.5170 | 8.045362 | 9.578419 |

Second Application

(Vithout compensation for the mutuals)

the matrix pencil éH»XN) are given by mean mean variance | variance
A = ed(w/0)sin(O); j.1,2, . . . ,d. (29) sNR 0, 6, 9, 8,
COMPUTER SIMULATION 30 dB | 12.6221 | 29.6850 | 1.967561 | 0.634513
The scenario used for this simulation con-
sisted of two incoherent sources (d=2) vhich are 25 dB | 12.7642 | 29.7487 | 9.552104 | 3.538558
incident on a linear array consisting of eight
half wvavelength dipoles (m=8). The sources are as- 20 dB | 14.2713 | 31.4526 | 35.51011 | 51.34790
sumed to be located at €)=18° and €7=22° The
noise was simulated to be vhite Gaussian with 15 dB | 18.4257 | 40.4587 | 72.28546 | 242.0847
zero-mean and unit variance. The sensors were
positioned at half wavelength apart such that 10 dB | 19.3866 | 42.4492 | 66.07262 | 279.2892
wD/c = n . 100 snapshots were taken each time and
the experiments were repeated 50 times. The
results of the simulation are shown below. (With compensation for the mutuals)
First Application
mean mean variance | variance
(Without compensation for the mutuals) SNR 8 87 G 8,
mean mean variance | variance 30 dB | 18.0593 | 22.1633 | 0.071976 | 0.197370
SHR 8 7] 8y 87
25 dB | 18.0902 | 22.2343 | 0.148269 | 0.514200
30 dB | 13.1740 | 70.4337 | 1.29940 | 75.60234
20 dB | 18.1557 } 22.4040 | 0.314386 | 1.135701
25 dB | 11.9686 | 36.3590 | 11.87542 | 31.17404
15 dB | 18.2589 | 22.3398 | 0.737347 | 2.406417
20 dB | 14.4098 | 32.0397 | 6.606652 | 12.23856
10 dB | 17.9905 | 22.8160 | 2.897151 | 9.306142 |
15 dB | 15.4838 | 31.0915 | 5.512074 | 11.46014
10 dB | 15.9031 | 30.8755 | 7.318329 | 13.04751 Note that extremely poor estimates are obtained
vithout compensation for the mutuals in both
cases. Compensation results in significant im-
provement.
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